The role of particle size heterogeneity on micro-and macromechanical properties of assemblies of spherical particles was studied using DEM simulations. The response to an imposed load of a granular material composed of non-uniformly sized spheres subjected to uniaxial confined compression was investigated. A range of geometrical and micro-mechanical properties of granular packings (e.g., void fraction, contact force distribution, average coordination number and degree of mobilisation of friction at contacts between particles) were examined, and provided a more accurate interpretation of the macroscopic behaviour of mixtures than has previously been available. The macromechanical study included stress transmission, stiffness and angle of internal friction of the granular assemblies.
Introduction
Transporting, storage and processing materials in granular form are common operations in many industries, including the agriculture and food industries, and the pharmaceutical, cosmetics and building industries. Granular materials play an important role in chemical engineering and processes that deal with chemical powders and granules. Materials are subjected to technological processes such as compression and mixing, whose designs require advanced research into the properties of granular matter. In mechanics and physics, two ways may be distinguished for describing and modelling particulate, heterogeneous materials such as powders or grains (Luding et al., 2005) . The first approach, based on continuum theory, describes the macroscopic behaviour of a material, which is completed by a microscopic description of the material in which the particles and their interactions are modeled at a particle scale. The macroscopic approach involves stress, strain and plastic yield conditions. The microscopic approach addresses the local force-deformation laws for each particle contact. Relating the micro-mechanical properties of a particulate system to its macroscopic behaviour requires a description of the fabric of the material. In turn, quantification of the fabric requires information regarding the number of contacts and the spatial distribution of contact orientations in the packing in order to relate contact forces to stress, and displacements to strains. The macromechanical response of a particulate assembly to external shear forces (Voivret et al., 2009) , compaction forces (Ma and Zhang, 2006; Zhang and Napier-Munn, 1995; Zhou et al., 2005) , mixing forces (Remy et al., 2011) or discharge processes (Gundogdu, 2004) has been reported to be closely related to the micromechanical properties of the granular system, which are determined by the interactions between the particles in the system. The mutual rearrangement of particles affects the coordination number (CN), the contact area and the transmission of stress in granular packings. Martin et al. (2003) observed that, for isostatic compaction and closed-die compaction modelled by the discrete element method (DEM), the average CN increased and the average contact area decreased, while concurrently the distribution of contact area values broadened. DEM simulations of uniaxial compression of pebble beds conducted by Gan and Kamlah (2010) provided information on micro-macro relationships in particulate assemblies. The microscopic information, such as the maximum contact force and the CN inside the assembly, were related to the macroscopic stress variables. Gan and Kamlah (2010) reported a large increase in the average CN as compressive stresses increased in the low stress region, due to the rearrangement of particles during http://dx.doi.org/10.1016/j.ijsolstr.2014.06.029 0020-7683/Ó 2014 Elsevier Ltd. All rights reserved.
loading; new contacts were formed in the compressed state, which in turn increased the stiffness of the assembly.
Studies of the mechanical properties of granular packings have mainly been related to monodisperse systems; however, most particulate materials in industrial and natural processes comprise particles in a broad range of sizes. The polydispersity of a system of particles affects the rearrangement of the particles and their contact network in granular systems, such that particulate materials and powders have different compaction characteristics. This is very important in the chemical and pharmaceutical tablet manufacturing industries (Reaple et al., 2007) . Voivret et al. (2007) reported that the degree of particle size heterogeneity affected the geometrical aspects of packing characteristics and micro-mechanical properties, which then determined the way in which contact forces were transmitted in granular systems. They observed that increased particle size polydispersity transformed the disorder from a state where particle connectivity governed packing properties to one where pore-filling small particles prevailed, and also a less anisotropic fabric with an extended particle size distribution. Bentham et al. (2005) used numerical simulations to study the geometrical and mechanical characteristics of uniaxially compressed polydisperse packings of spheres. They found that the contact number and the distributions of normal contact forces were both broader for mixtures with more highly dispersed particle diameters. Wią cek and Molenda (2013) observed increases in both the homogeneity of distribution of normal contact forces and the anisotropy of the contact network, together with increasing standard deviation of particle mean diameter, in polydisperse mixtures of spheres. They found a relationship between the degree of polydispersity of granular packing and the dissipation of energy in such systems. Laboratory tests and numerical simulations were conducted by O'Sullivan et al. (2002) on biaxially compressed circular-section steel rods whose radii had a relatively low standard deviation. They observed a change in the strength of samples with increasing particle-size polydispersity and decreasing average coordination number. Kruyt and Rothenburg (2001) carried out a micro-mechanical DEM investigation of polydisperse assemblies of discs subjected to compression and shearing. This showed that the probability functions for the normal component of the vectors connecting the centres of particles in contact resembled a lognormal particle size distribution, and the coordination number of the particles was linearly related to their radius.
A review of the literature shows that the macroscopic behaviour of a particulate assembly is strongly related to its microscopic properties, which themselves are determined, inter alia, by the degree of polydispersity of the granular packing. Microstructural characterisation of particulate media is critical for understanding and predicting the macromechanical response of particulate assemblies to loads applied during mechanical processes. These responses, in turn, determine the efficiency of the process as well as the quality and safety of the product. Most particle packings in industrial and natural processes are composed of particles that are non-uniform in size; therefore the study of micro-macro relations in polydisperse granular systems is of great interest to researchers in the field. It seems from the literature that insufficient studies have been done on the relationship between the extent of particle size variation and the geometrical and mechanical properties of granular materials, especially for highly polydisperse particulate packings. The objective of the present study, therefore, was to investigate the responses to uniaxial compression of assemblies of spheres with wide ranges of standard deviation of their mean diameter, and the effect of such particle size heterogeneity on the micro-and macromechanical properties of the assembly. The data used in this study were obtained by performing three-dimensional DEM simulations.
The outline of this paper is as follows. In Section 2, the DEM and model used here are described. The predicted micromechanical and macromechanical properties of polydisperse assemblies of spherical particles, and discussion, are presented in Section 3. Conclusions drawn from the work are presented in Section 4.
Model description
The discrete element method (DEM), based on a microstructural approach (Cundall and Strack, 1979) , is a numerical technique commonly used for detailed investigation of the mechanical behaviour of granular systems. The simplified non-linear HertzMindlin contact model of Ji and Shen (2004) was used. This model supposes an elastic spring and a viscous damper in the normal direction, and a spring, damper and frictional slider in the tangential direction. The spring is analogous to the accumulation of elastic energy in the system as the applied load increases; the damper and slider simulate energy dissipation. The detection of contacts between the particles is followed by calculation of the normal and tangential forces at these contacts, at each incremental time step; the time increments are small enough to allow an assumption of constant translational and rotational accelerations. The motion of each particle in the system is given by Newton's equations of motion. These are integrated to provide information about individual particles' positions and velocities, and the resultant forces exerted on each particle. The contact-point behaviour adopts a ''soft contact'' approach, which permits local overlap of rigid particles at contact points. The tangential contact force is limited by the Coulomb friction law, which assumes that particles slide over each other when the magnitude of the tangential force equals or exceeds some limiting value.
In this study, three-dimensional DEM simulations were conducted using the EDEM program (EDEM Software). Polydisperse mixtures of spheres were poured into a test chamber of rectangular cross-section 0.12 m Â 0.12 m Â 0.132 m (Fig. 1) . The walls of chamber were a rigid frictional boundaries that did not deform under the applied load. The assumption of rigidity of the walls was required to derive equations for mechanical parameters of material analysed in this study. The dimensions of the sample were greater than 15 mean particle diameters (D m ). The slight changes in the void fraction (U) and effective elastic modulus (E) with increase in thickness of sample from 15D m to 20D m (Fig. 2 ) allow the dimensions of the sample greater than 15 mean particle diameters to be regarded as a representative elementary volume. The decrease in the dimensions of the simulation cell or increase in dimensions of spheres would result in large disturbances of stress field from the walls of the apparatus, while a decrease in dimensions of spheres below certain value would result in change in physical interactions in contacts.
The diameter of the basic sphere was 7.3 mm. The normal particle size distribution with various standard deviations (s.d.) was varied in the model such that the s.d. of the particle mean diameter ranged from 0% to 80%. Increasing the s.d. of the mean particle diameter resulted in a predicted decrease in the number of spheres in a chamber of fixed volume from 4800 in packings with s.d. = 0%, 20% and 40% to 4000 in those with s.d. = 60%, and down to 2350 in highly polydisperse mixtures. The input parameters for the DEM simulations are listed in Table 1 (e-Funda, 2014; Wią cek, 2008) . In spite of the assumption of rigidity of the walls of test chamber, Table 1 shows also the elastic constants of wall material, required to calculate forces exerted on the wall by contacting particles.
In the first stage of the simulation, particles were randomly generated in a box measuring 0.12 Â 0.24 Â 0.132 m. The granules then settled to the bottom of the rigid test chamber under the influence of gravity. The initial configurations of the monodisperse specimen and packing comprising spheres of D m ± 80% s.d. are shown in Fig. 1 . When an equilibrium state was reached after deposition in uncompressed packing, the top cover of the chamber was moved vertically downwards at a constant velocity of 3 m/min until the vertical pressure exerted on the top cover (r z ) equalled 100 kPa.
The point at which the total kinetic energy of the particles decreased to <10 À5 J was considered to be the equilibrium state. The maximum vertical pressure of 100 kPa was adopted as recommended by Eurocode 1 (2006) for the measurement of the solid properties of general relevance in silo design.
Three replicate tests were performed for each s.d. value to verify the repeatability of the simulations. The coefficient of variation in the samples was in the range 1.6-7% for the solid fraction and 0.25-5% for the coordination number, which demonstrated good test replicability.
Results and discussion

Micro-mechanical study
Micro-mechanical analyses included the determination of coordination numbers, contact forces and degree of mobilisation of friction at the point of contact between particles. Fig. 3 illustrates the variation of void fraction, U of the particulate assemblies with the degree of polydispersity of samples subjected to vertical loads of 0 and 100 kPa. The mean values are shown; error bars indicate ±1 s.d. The initial void fraction was defined as the ratio of the volume of voids in the uncompressed particulate system: total volume of the sample. Slight differences in void fractions in mixtures with s.d. of particle mean diameter <60% were observed. An increase in s.d. to 80% corresponded to a 5% increase in the void fraction. During compression, the void fraction decreased by 8% in monodisperse particle packings and 13% in highly polydisperse packings, with a corresponding increase in s.d. Fig. 4 shows the evolution of the average CN, defined as the number of contacts in a sample per number of particles in packings with various degrees of particle size heterogeneity subjected to different compressive loads. The CN decreases sharply when small vertical stresses are applied, due to the rapid initial consolidation of the loose material as particles are rearranged. Reorganisation of the particles within the sample saves space and increases the bulk density, and at the same time reduces the CN. Further increase in compressive load results in a rapid increase in CN due to a decrease in the void fraction and the formation of new, stable contacts during the second stage of compression. Of the three stages in the compression process that have been observed previously, both experimentally (Duberg and Nyström, 1986) and in numerical 
Fig. 2. Void fraction (U) and effective elastic moduli (E) in samples of various thickness T (expressed as a multiple of particle mean diameter D m ) with normal particle size distribution and standard deviation of particle mean diameter of 60%. Fig. 3 . Volume of void fraction as a function of the standard deviation of particle mean diameter when subjected to vertical pressures of 0 and 100 kPa.
simulations (Frenning, 2010; Sheng et al., 2004) , two were observed in the present study. The boundary between these stages was most evident in highly polydisperse mixtures. Large differences were observed in the average CNs calculated for granular packings with various degrees of particle size heterogeneity.
In a truly disordered monodisperse packing of frictionless spherical particles, the CN would be expected to equal twice the number of degrees of freedom of a particle, i.e., CN = 4 in two dimensions, and CN = 6 in three dimensions (Donev et al., 2004) . The packings with these CN values reach mechanical stability and are termed isostatic. For frictional packings with l ? 1, CN = d + 1, where d is a dimension (Silbert, 2010; Somfai et al., 2007) ; thus, CN = 3 in frictional two-dimensional systems and CN = 4 in threedimensional systems. The CN in monodisperse packings composed of frictionless spheres, or spherical particles in packings that have a low degree of polydsipersity, are expected to lie in the range d + 1 and 2d. The same range applies to frictionless mixtures over a wide range of polydispersity (Voivret et al., 2007) .
In the current case, when the compressive pressure was 0 kPa, CN = 4.35 in the monodisperse sample. Identical spheres in monodisperse samples rearrange themselves into a crystal-like formation, which leads to a homogeneous distribution of contacts in the system. Each particle is supported by neighbouring particles and it in turn supports other particles. At low s.d. values, polydisperse particulate systems are characterised by the property known as long-range order in which remote portions of the sample exhibit correlated behaviour (Voivret et al., 2007 ). An increase in the degree of disorder of granules in mixtures, along with the presence of small particles with higher s.d., leads to a decrease in the total number of contacts and short-range order, which refers to each particle's nearest or second-nearest neighbours (Voivret et al., 2007) . As small spheres partially fill the pores between large particles, each particle is supported by neighbouring particles but does not necessarily support other particles itself. The number of particles with low numbers of contacts increases with increasing s.d. of the mean diameter of the particle, resulting in a low average CN. In this study, CN was equal to 2.87 for highly polydisperse samples (s.d. = 80%). The surprisingly low values of the average CN resulted from configurations in which a considerable number of small particles resting on the bottom of the chamber had only one contact point. Excluding these spheres from the calculation of the coordination number increases corrected coordination number (CN⁄) by 13% and 25% for assemblies with 60% s.d. and 80% s.d., respectively, for a vertical pressure of 0 kPa (Fig. 5) .
The transmission of contact forces in mixtures composed of non-uniform spheres was found to be very largely determined by the distribution of contacts. Fig. 6 shows the evolution of the probability density functions for normal contact forces in increasingly polydisperse mixtures when subjected to compressive pressures of 0-100 kPa. These distributions are skewed. The most homogeneous contact forces were observed in monodisperse systems when the vertical pressure was 0 kPa. Heterogeneity of the contact forces increased with increasing s.d. The probability density functions of the normal contact forces became broader for mixtures with the higher degrees of polydispersity, reflecting the greater disorder of the spherical particles.
To assess the effect of particle-size heterogeneity on the extent of mobilisation of friction at the point of contact between particles, the average ratios of the tangential: normal contact forces (F t /F n ) were calculated. Friction was considered to be fully mobilised at the sphere-to-sphere contact when F t /F n was equal to the coefficient of static friction between spheres. In this study, the coefficient of interparticle static friction was 0.4. The average value of F t /F n increased from 0.167 in monodisperse granular packings to 0.279 in highly polydisperse (s.d. = 80%) packings, with no load applied (Fig. 7) . For a vertical pressure of 100 kPa, the average value of F t /F n = 0.279 for uniform spheres increased to 0.301 at 80% s.d., which resulted from the presence of greater than 8% more contacts approaching fully mobilized friction (F t /F n > 0.38) in highly polydisperse samples. Fig. 8 shows the evolution of average values of F t /F n in monodisperse and highly polydisperse (s.d. = 80%) samples subjected to compressive loads. The degree of mobilisation of friction at the points of contact between particles increased sharply at low vertical pressures due to the rearrangement of particles during initial consolidation of the sample. Further increase in compressive loads resulted in small particle rearrangements in mechanically stable samples, accompanied by only a weak increase in F t /F n values.
Macromechanical study
The study of the macromechanical response of polydisperse mixtures of spheres subjected to compressive loading included determining the effective elastic modulus, pressure ratio, internal friction angle and Poisson's ratio of the mixture.
Using the classical theory of elasticity in soil mechanics has necessitated crude assumptions being made that neglect the discontinuity, lack of homogeneity and the elasticity of real assemblies. Engineers dealing with particulate materials have extended its application complete with all its inaccuracies and inconsistencies. The definition of effective elastic modulus used in this study was taken from Eurocode 1 (2006) as a parameter on which at least group of specialists has agreed. It can be derived assuming linear elasticity and isotropy of the medium, rigidity of container walls and constancy of the lateral to vertical pressure ratio. The effective elastic modulus E characterising the bedding elasticity, is given by:
where H is the height of the assembly; Dr z is the change in vertical pressure during each time step; De z is the change in vertical strain and k L is the pressure-change ratio (change in lateral pressure: change in vertical pressure) during each time step.
The stiffness of the polydisperse samples increased with increasing compressive loads. Fig. 9 shows the evolution of the magnitude of E with increasing polydispersity of mixtures subjected to a compressive pressure of 100 kPa. The tendency for slight decrease in the effective elastic modulus with increasing s.d. was observed; however, differences in E values for packings with various degrees of polydispersity lay within the range of scatter. A large variation in the magnitude of E was observed, probably due to the nonreplicable nature of the spatial structure of randomly generated assemblies. Fig. 9 shows the evolution of the lateral-to-vertical pressure ratio (k) in samples with s.d. values of 0% and 80% subjected to compressive loads. The pressure ratio, defined as the ratio of the horizontal pressure in the x-direction (see Fig. 1 ) to the vertical pressure, was calculated for samples of various particle mean diameter s.d. The k values decreased sharply as particles were rearranged during initial rapid consolidation of the sample at vertical pressures up to about 20 kPa. Changes in k were strongly related to changes in the angle of internal friction (u), which increased rapidly at low pressures (Fig. 10) . Further gradual mobilisation of friction at interparticle contacts with increasing vertical pressure resulted in slight changes in u and k. The relationship between u and k, derived on the basis of continuum mechanics, may be expressed by the following, as recommended by Eurocode 1 (2006):
The transmission of stresses in a particulate system has been reported to be sensitive to particle size ( . Effective elastic modulus for samples with various degrees of particle size heterogeneity when subjected to a vertical pressure of 100 kPa.
In the current study, for a vertical pressure of 100 kPa, the discrete element simulations predicted a k value of 0.4 for uniform spheres, increasing to 0.43 at 80% s.d. The results show some increasing tendency in the k value in the whole range of standard deviation of particle mean diameter; however, the k values calculated for packings with various degrees of polydispersity lay within the range of scatter. Fig. 11 shows the numerical and theoretical k values for packings for various standard deviations of particle mean diameter.
The pressure ratios predicted by the discrete element method were much lower than those calculated from Eq. (2). Wią cek et al. (2012) reported that the value of k estimated experimentally for nearly monodisperse samples of pea grains, whose material parameters were the input parameters for DEM simulations, equalled 0.381. Thus, both the discrete element method and Eq. (2) have been shown to overestimate the value of k. These discrepancies may be due to natural size and shape variation and surface unevenness of the grains used in the experiments. Effects such as these result in a heterogeneous packing structure and reduced particle rotation in real materials (Chung, 2006) .
When a cuboidal or cylindrical sample of material is compressed in one direction, it usually tends to expand in the perpendicular direction. This phenomenon is the Poisson effect; its measure is Poisson's ratio (m). When an elastic material is compressed in one direction and wall friction is neglected, Poisson's ratio may be expressed as follows (Kezdi, 1974) :
where k is the lateral-to-vertical pressure ratio. Fig. 12 shows how the Poisson's ratio changes with the degree of polydispersity in samples subjected to a vertical pressure of 100 kPa. An increase in the particle mean diameter s.d. from 0% to 80% resulted in an almost 10% increase in Poisson's ratio. Differences in m for mixtures of various s.d. all lay within the range of scatter, implying that the degree of particle size polydispersity slightly affect m.
When a compressive pressure of 100 kPa was simulated, the model predicted a Poisson's ratio of 0.259 for uniform spheres, which corresponds exactly with the value experimentally determined by Molenda and Horabik (2005) for approximately monodisperse samples of pea grains.
Conclusions
The influence of particle size heterogeneity on the micro-and macromechanical responses of a granular assemblies subjected to uniaxial compression was investigated, using the discrete element method. The 3-D simulations were conducted for monodisperse samples and polydisperse packings composed of spheres with normally distributed particle diameters and standard deviations of the particle mean diameter ranging from 20% to 80%. Microscale analyses were performed to determine the magnitudes of interparticle contact forces, the number of contacts, and the degree of mobilisation of friction at the points of contact between spheres. The study of the macroscopic properties of polydisperse mixtures included the effective elastic modulus, pressure ratio, angle of internal friction and Poisson's ratio.
The slight change in effective elastic modulus with increasing polydispersity of particle sizes in granular packings was closely related to a small change in the void fraction, which showed a strict relationship between the structural and macromechanical properties of particulate assemblies.
Similar to the case of monodisperse assemblies, two of the three stages of the compression process were observed in polydisperse mixtures; however, the boundaries between the stages were most clearly marked in non-uniform granular packings. The decrease in coordination number in the first stage of the process was greatest in mixtures with a larger standard deviation of particle mean diameter due to the larger void fractions, and the rearrangement of the spherical particles, although this decreased during the initial consolidation, as did the degree of friction mobilisation at the sphere-to-sphere contact and the lateral-to-vertical pressure ratio.
The polydispersity of mixtures of particulate materials was found to affect the transmission of mechanical stresses slightly in Poisson's ratio for samples with various standard deviations of particle mean diameter when subjected to vertical pressure of 100 kPa.
compressed granular beds. The lateral-to-vertical pressure ratios in the mixtures increased slowly with increasing standard deviation of particle mean diameter, but the variations in the pressure ratio did not exceed the range of scatter. The present study has shown that the degree of polydispersity of a granular assembly strongly determines the average coordination number and degree of mobilisation of friction at interparticle contacts. However, the macromechanical response of polydisperse mixtures to applied compressive pressure was found to be dependent slightly of particle size heterogeneity.
Since granular materials encountered in industrial and natural processes typically possess some degree of polydispersity, the scientific outcomes from this project should find wide application in granular mechanics research and in the design of processes which involve particulate mixtures.
